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Abstract

The goal of geothermal reservoir management is to economically recover as much energy as possible from the reservoir. This paper
presents the development of improved techniques for monitoring and predicting two-phase mass and heat transport in fractures. Parti-
tioning tracers can yield valuable, early information about fracture properties used within a semi-analytical approach for calculating
enthalpy production from the fractured system. This is demonstrated for a synthetic model with a fracture network. The comparisons
of the semi-analytical solutions with the simulation results show that the model predicts enthalpy production is easy, fast and ideally
suited for sensitivity studies.
Published by Elsevier Ltd.
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1. Introduction

Re-injection of spent geothermal fluids is a preferred res-
ervoir management strategy to increase energy extraction
efficiency and maintain reservoir pressure that is being
practiced in many geothermal reservoir fields such as the
Geysers, California [1]. However, without careful reservoir
characterization and an understanding of reservoir proper-
ties that affects heat transfer, cold water injection could
lead to premature breakthrough and defeat the goal of
enhancing energy extraction efficiency.

Geothermal tracer testing is a very powerful tool for the
characterization and management of geothermal reser-
voirs. When a partitioning tracer is injected into a super-
heated geothermal reservoir, tracer transport occurs in
the vapor phase resulting in a faster chemical breakthrough
than thermal breakthrough [2,3]. The tracer test can there-
fore provide early information on important interwell flow
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properties that can be used to optimize injection well loca-
tion and manage energy extraction. However, geothermal
tracer test analysis currently performed provides solely a
qualitative assessment of reservoir property variations.
Therefore, it is imperative to develop techniques that
would yield a more quantitative assessment of key reservoir
properties, especially in the case of fractured reservoirs.
Reliable prediction of enthalpy production and thermal
recovery efficiency in fractured geothermal reservoirs can
then be obtained.

Several authors [4–6] have shown analytical solution of
temperature in a fracture corresponding to single-phase
liquid flow in the fracture with heat conduction from a
semi-infinite matrix, and the solution is also given in Car-
slaw and Jaeger [7]. Bodvarsson and Tsang [8] studied a
finite matrix model with assumptions of single liquid phase
radial flow in horizontal fractures. Temperature profiles
corresponding to several boundary and initial conditions
were calculated with an aim to design the locations of injec-
tion wells and the injection rate. Assumptions such as sin-
gle liquid phase flow and infinite matrix size were made to
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Nomenclature

A cross section area normal to flow direction
b half fracture aperture
C tracer concentration
Cp specific heat capacity
D half fracture spacing
fi flow capacity of individual streamline
F flow capacity of a porous media
H distance between the producer and the injector
H enthalpy of fluid per unit mass
_HP enthalpy production rate

HP cumulative enthalpy production
k permeability of media
Ki equilibrium distribution coefficient of compo-

nent i

L fracture length normal to the flow direction
LV latent heat of water at certain temperature
m mass of tracer recovered at the producers
_m mass flow rate
M total mass of injected tracer
MR mass flow ratio
MTj overall volumetric thermal capacity of fracture

with phase j

P pressure
qinj volumetric injection rate of liquid water
R thermal recovery efficiency
Ri flow/storage ratio of ith streamline
s Laplace variable
T temperature
t time
t* mean residence time
u superficial velocity
V cumulative production volume of vapor phase
�V mean residence volume

V DT velocity retardation factor because of liquid
vaporization at the boiling interface

Vp swept pore volume
Vs cumulative production volume of vapor phase

during the time of tracer injection
v interstitial velocity
xi mole fraction of species i in aqueous phase
yi mole fraction of species i in vapor phase

Greek symbols
a thermal diffusivity
k thermal conductivity of rock matrix
ui storage capacity of individual streamline
U storage capacity of a porous media
q density
/ porosity of the reservoir
# dimensionless variable
w dimensionless variable
t dimensionless temperature in the matrix in

Laplace space
g dimensionless temperature in the fracture in

Laplace space
R thermal recovery efficiency in Laplace space

Subscripts

D denotation of dimensionless variable
I initial condition
J injection condition
f fracture property or front
m matrix property
r rock
v vapor phase water
w liquid phase water
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obtain the solutions and these assumptions might not hold
for typical geothermal reservoirs.

When cold liquid water is injected into superheated geo-
thermal reservoirs, the injected liquid phase will boil and
transport as steam toward the producers. Thus, the
assumption of single-phase flow is not appropriate and
leads to inaccurate predictions. In addition, most naturally
fractured reservoirs have finite fracture spacing and hence
the assumption of semi-infinite matrix blocks is also inva-
lid. The goal of this research is to develop a fast and more
accurate model to calculate enthalpy production and ther-
mal recovery efficiency with realistic fracture spacing and
under two-phase flow conditions.

Based on a conceptual fracture model description and
assumptions, we present a new semi-analytic solution for
enthalpy production (or, more generally, temperature as
a function of time and spatial dimensions x and z) in a sin-
gle fracture model, in which the assumptions of semi-infi-
nite block size are relaxed. This solution is later
expanded to the two-phase flow scenario in a network of
multiple fractures. We identify the reservoir parameters
that must be known to implement the semi-analytic solu-
tion, and propose the use of tracer analysis to estimate
those properties. This approach is demonstrated for the
case of a fracture network. Numerical simulation is used
as a tool to validate the semi-analytic solution on some
synthetic cases.

2. Conceptual geothermal model

Geothermal reservoirs are usually very complex, frac-
tured reservoirs containing multiple fluid phases and com-
plex phase transitions, chemical reactions, and energy
transport via both conduction and convection. In naturally
fractured geothermal reservoirs, the rock matrix stores
most of energy, while the fracture networks serve as flow
conduits. The matrix often has very low permeability, typ-
ically of the order of 10�18 m2 or less [9] while the perme-



Fig. 1. Schematic diagram of vertical fractures in geothermal reservoirs
(after Gringarten et al. [10]).

Fig. 3. Diagram of a single fracture model that is used to model a fracture
network with equally spaced, parallel vertical fractures.
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ability of a fracture with aperture of 10�4 m could be as
high as in the order of 10�10 m2 the permeability contrast
between fracture and matrix is therefore very high. The
fracture permeability can be empirically correlated to frac-
ture aperture and porosity of the fracture in literature [10];
however, in the following discussion and examples it is
treated as a constant quantity. A conceptual model for a
geothermal reservoir in which the vertical fractures domi-
nate is shown in Fig. 1. In this diagram, an injector and
a producer penetrates a series of parallel vertical fractures
separated by impermeable matrix blocks. The producer is
completed in the upper part of the reservoir and the injec-
tor is completed in the lower part of the reservoir so as to
promote gravity-stable flow.

This conceptual model can be simplified somewhat to
permit a detailed analysis. Initially, a single fracture was
explicitly modeled so that the transient processes of heat
and mass transfer could easily be visualized, as shown in
Fig. 2. Due to symmetry, only one half plane of the frac-
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Fig. 2. Diagram of a symmetric element from equal spaced fracture
network.
ture and matrix block were modeled as shown in Fig. 3.
Because it is a symmetry element, the boundary of the
matrix was set to no heat-flow condition as shown in
Fig. 3. An injection point (injector) is located at the bottom
of the fracture and an extraction point (producer) is at the
other end of the fracture. Initially the geothermal reservoir
is in thermodynamic equilibrium and temperature distribu-
tion is homogeneous in the model.

In reality geothermal reservoirs are likely to have a net-
work of fractures rather than a single fracture. It is also
very likely that the network is characterized by a range
of fracture aperture, porosity, permeability, and fracture
spacing, even if the fractures are all assumed to be vertical.
Fig. 4 shows a diagram of an idealized fracture network
with vertical fractures and varying properties for the frac-
tures. The objective of this research is to estimate the
enthalpy production from a fracture network in geother-
mal reservoir; this model is a simplified representation of
such a network. The solutions we develop below are valid
(if approximate) for fractured reservoirs whose fractures
trend in a single direction and under conditions of stable
displacement (i.e., no bypassing by the injected fluids).
Variations in fracture spacing or aperture can be accom-
modated as long as those variations occur at scales small
relative to the bulk property. For example, a dogleg in a
fracture is unimportant as long as the relative change in
fracture spacing is small. One can imagine similar viola-
tions of the underlying assumptions such as large varia-
tions in thermal properties of the rock matrix. These and
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Fig. 4. Discrete fracture network with varying fracture properties.
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other conditions where heat conduction in multiple dimen-
sions is important (e.g., reservoirs with multiple sets of
fractures) are beyond the scope of this work.

In this paper, we develop semi-analytical solutions to
estimate enthalpy production and thermal recovery based
upon energy balance analysis from our simplified fractured
geothermal reservoir. The semi-analytic solution requires
knowledge of reservoir properties as input. We propose
tracer interpretation as a means of estimating the required
properties. Some fundamental theory about tracer test
analysis and estimation of required parameters are shown
below.
3. Tracer test analysis

Estimation of enthalpy production and recovery from
geothermal reservoirs requires knowledge of the following
parameters for both the single fracture and fracture net-
work models discussed here.

(1) Thermal properties (heat capacity and conductivity)
of reservoir rock.

(2) Thermodynamic properties of fluids, both in situ and
injected.

(3) Fracture properties such as permeability, porosity,
aperture, and heat transfer area.

(4) Interstitial velocities of fluids in the fracture or frac-
ture network.

(5) Matrix dimensions and properties such as porosity of
the impermeable rock (only necessary to determine
the effective heat capacity of the matrix).

Parameters such as the thermal properties of rock and
thermodynamic properties of fluids are available in litera-
ture and are assumed known for the results presented in
this paper. However, parameters such as fracture proper-
ties and interstitial velocities are reservoir specific and
unknown a priori. It is demonstrated below that these
parameters can be estimated from tracer testing.

Tracer selection for a specific geothermal reservoir
requires careful assessment of the positive and negative fea-
tures of potential tracer candidates. The optimal tracer
should not only satisfy all the requirements for a successful
tracer test, but also pass stringent environmental require-
ments. Wu et al. [11] showed that for superheated geother-
mal reservoirs, highly volatile tracers should be used in
order to obtain early information about reservoir proper-
ties and fluid flow velocity. The volatility of the tracer is
represented by the equilibrium coefficient (K). In this
paper, a representative K value of 4500 is used under the
superheated geothermal reservoir conditions. The estima-
tion of K values under geothermal reservoir condition is
shown in the paper. A typical tracer return curve is shown
in Fig. 5. This figure shows tracer concentration history in
the vapor phase at a superheated reservoir and it shows
that the tracer information can give reservoir information
within a very short time – on the order of couples of
months.
3.1. Method of moments

The analysis uses the first temporal moment of the tracer
concentration history (sometimes known as a break-
through curve) recorded at the producer to calculate the
pore volume contacted by the injected tracer (the swept
pore volume). This method has a rigorous theoretical basis
and has been widely used in both groundwater and oil field
applications [12,13]. It can be used in the absence of
detailed reservoir characterization data or flow and trans-
port models, since only a very simple, fast and easy integra-
tion of the tracer production data is needed to yield the
mean residence time. The first moment with respect to pro-
duced fluid volume from a finite tracer slug is defined as
[14,15]:
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Fig. 5. A typical tracer curve in a superheated geothermal reservoir.
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V ¼
R1

0
VCðtÞdVR1

0
CðtÞdV

� V s

2
ð1Þ

where Vs is the volume of fluid produced during tracer
injection.

The calculated volume from Eq. (1) is the total pore vol-
ume swept by the tracer under the assumption that the tra-
cer flows simultaneously with the carrier fluids. To apply
the method of moments for geothermal application, we
make following assumptions (1) tracer is injected with
liquid phase, (2) tracer with a high K value will partition
into the vapor phase immediately in the phase transition
process. Wu et al. [11] showed that the estimation of swept
fracture pore volume from highly volatile tracer is very
accurate for superheated reservoirs with impermeable rock
matrix. By using the method of moments, the swept frac-
ture pore volume for the complete fracture network is
determined easily.
3.2. Fluid velocities in fracture network

Fluid velocities are also required to estimate enthalpy
production and thermal recovery. These are obtainable
from a Flow Capacity/Storage Capacity diagram. The flow
capacity and storage capacity were originally used to quan-
tify the heterogeneity of a layered model in porous media
[16]. They were generalized to include arbitrary flowpath
lengths by Shook [17]. The volumetric flow capacity, fi,
of a streamline follows directly from Darcy’s law; a given
streamline’s flow capacity is proportional to its permeabil-
ity and cross sectional area, and inversely proportional to
its length. The storage capacity, ui, of that streamline is
simply its pore volume. By defining a ratio of flow-to-stor-
age, Ri ¼ fi=ui, and ranking all streamlines in descending
order of R, the cumulative flow capacity at any given
streamline ‘‘i” is given as the sum of all streamlines with
R > Ri. The cumulative storage capacity is the sum of those
streamlines’ pore volume. Both are normalized by the
ensemble property:
F i ¼
Pi

j¼1kjAj=LjPN
j¼1kjAj=Lj

ð2aÞ

Ui ¼
Pi

j¼1kjAjLjPN
j¼1kjAjLj

ð2bÞ
ð2Þ

For the case of uniform flowpath lengths these defini-
tions collapse to the classic definitions found in the litera-
ture [16]

F i ¼
Pi

j¼1kjhjPN
j¼1kjhj

ð3aÞ

Ui ¼
Pi

j¼1/jhjPN
j¼1/jhj

ð3bÞ
ð3Þ

Flow capacity, F, and storage capacity, U, are most fre-
quently plotted on an F–U (or Lorentz) diagram. An
important feature of F–U curves is that, under certain con-
ditions, interstitial velocities of individual fractures can be
determined directly.

Shook [17] shows that flow capacity, F, can be deter-
mined from the zeroth moment and the storage capacity,
U, in terms of the first order moment of the tracer history:

F ¼
R t

0
C dtR1

0
C dt

ð4aÞ

U ¼
R t

0
Ct dtR1

0
Ct dt

ð4bÞ
ð4Þ

The derivative of F with respect to U is a ratio of the mean
residence time divided by the residence time of the ith frac-
ture. If we assume equal length flow paths (as we have done
in our conceptual model), this ratio becomes a ratio of
velocities: the interstitial velocity of the ith fracture normal-
ized by the mean velocity of the network

oF
oU
¼

oF
ot
oU
ot

¼
CR1

0
C dt

CtR1
0

Ct dt

¼ 1

t

R1
0

Ct dtR1
0

C dt
¼ t�

ti
¼ vi

v
L
Li

ð5Þ
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For a fracture network, a plot of oF
oU vs. U yields valuable

information about the variation in interstitial velocities in
the heterogeneous reservoir. An example of such a plot is
shown in Fig. 9, in which there are two fractures (arbi-
trarily named 1 and 2 in the figure). The number of frac-
tures and their fractional pore volume are identified from
the inflextion points on the curve. In this case, Fracture 1
comprises approximately 33% of the total pore volume,
and has a relative velocity of 1.5 times the average (the
average value for fracture 1). Fracture 2 holds 67% of the
pore volume and has a relative velocity of 0.75.

Supposing a system has two major fractures as in Fig. 9,
then the ratio of mass flow rates through the individual
fractures is given by:

MR ¼
_m1

_m2

¼ v1/f1b1L1qH
v2/f2b2L2qH

¼ v1V p1

v2V p2

ð6Þ

For cases where oF
oU is a ratio of velocities (i.e., equal flow-

path lengths), the mass flow rate ratio is the product of
the ratio of interstitial velocities and the ratio of pore vol-
umes of the fractures. The total injection mass rate is usu-
ally known, so the mass flow rate through each individual
fracture can be calculated from Eq. (6). In case of multiple
fractures, multiple velocity ratios and pore volume ratios
can be calculated by following the same methodology.

3.3. Velocity of boiling interface

To estimate the enthalpy production and thermal recov-
ery for superheated geothermal reservoirs, the steam flow
rate and liquid front moving velocity need to be quantita-
tively determined with consideration of phase transition.
Since fluid flow occurs only in the fracture in our model,
the relationship between the two velocities along the frac-
ture can be derived by analyzing the mass and energy bal-
ances. The following assumptions are made:

� Heat conduction neglected in the flow direction.
� Local thermodynamic and hydrodynamic equilibrium.
� The liquid and steam have a sharp front, and vaporiza-

tion occurs only at the front. The temperature ahead of
the front is the initial reservoir temperature, TI. The
temperature at the front is an interface temperature Ti,
the value of which is dictated by reservoir pressure.
� Compressibility of rock and liquid neglected.
� Variations in liquid and steam densities from initial res-

ervoir temperature (240 �C) to the boiling temperature
at the interface are small under geothermal conditions,
and can be neglected. Variations in liquid density are
small because of its low compressibility. Steam density
variations are small because the pressure gradient within
the steam zone are small, and the steam phase only
exists between the initial reservoir temperature and the
interfacial temperature, which is typically a small value.

Denoting the liquid flow rate in the fracture as vJ, and
steam flow rate as vp. The diagram of this one-dimensional
flow is illustrated in Fig. 7. At time t1, the liquid front is
assumed to be located at x1. After a duration Dt, the posi-
tion of the front should be x2 assuming no vaporization.
However, because of vaporization, the actual location of
the front would be at xf at that time, t2 ¼ t1 þ Dt.

The mass balance equation over a control volume of size
Dx is:

qwADx/� qvADx/ ¼ A/vJqwDt � A/vpqV Dt ð7Þ
Eq. (7) can be solved for the liquid front velocity, vf:

vf ¼
Dx
Dt
¼ vJqw � vpqv

qw � qv

ð8Þ

The energy balance over the same control volume yields:

ADxð1� /ÞqrCprðT I � T iÞ ¼ A/½x2 � ðx1 þ DxÞ�qwLv ð9Þ
where TI is the initial reservoir temperature, and Ti is the
boiling temperature at the interface. Dividing by Dt:

Dx
Dt
ð1� /ÞqrCprðT I � T iÞ ¼

x2 � x1

Dt
� Dx

Dt

� �
qw/Lv ð10Þ

Rearranging Eq. (10), the relationship between the liquid
injection velocity x2�x1

Dt

� �
and liquid front velocity Dx

Dt

� �
is:

vf

vJ

¼ qwLv

qwLv þ ð1�/Þ
/ qrCprðT I � T iÞ

ð11Þ

Define:

V DT ¼
ð1� /Þ

/
qrCprðT I � T iÞ

qwLv

ð12Þ

Here VDT is the velocity reduction factor caused by liquid
vaporization at the interface. Eq. (11) can be written as:

vf

vJ

¼ 1

1þ V DT

ð13Þ

The velocity retardation factor, VDT, generally has a
finite value greater than zero and so the right hand side
is less than 1, implying that the front velocity is slower than
the injection velocity. Solving Eqs. (8) and (13) gives the
vapor phase production rate

vp ¼
vJðqwV DT þ qvÞ

qvð1þ V DTÞ
ð14Þ

Although Eqs. (8) and (13) are derived for flow in a one-
dimensional porous media, they can be applied to fractured
reservoirs with impermeable matrix. This is because, the
thermal breakthrough occurs fairly early in the life of a
typical geothermal reservoir, and heat transferred from
the matrix is limited to that time. Additionally, the temper-
ature gradient between the matrix and the fracture in the
vapor zone is low so that heat flux is minimal at early
times.

With the assumption that the flowing steam and liquid
are separated by a sharp front in between, the whole reser-
voir is divided into two zones and the enthalpy and temper-
ature distribution in each zone is solved separately as
shown in following discussion.
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4. Mathematical formulation of energy production for single

fracture reservoir

We first derive a solution for enthalpy production for
liquid injection into an initially superheated single fracture
with an adjacent finite width rock matrix (see Fig. 3). This
is subsequently extended to a fracture network. The follow-
ing key assumptions have been made:

(1) Heat conduction in the matrix parallel to flow is neg-
ligible. Because flow in the fracture is much faster
than heat conduction in the matrix, heat conduction
can be treated in one dimension.

(2) Thermal properties of rock and liquid are constant.
(3) Heat conduction in the fracture is neglected.
(4) Uniform initial temperature.
(5) Constant injection rate and temperature.
(6) Local thermodynamic equilibrium.
(7) Fluid density and viscosity of the steam and liquid

are constant under reservoir conditions.
(8) Liquid is injected, some of which boils with a sharp

interface between regions of liquid flow and vapor
flow.

We denote subscript j = w as liquid flow region and
j = v as the vapor flow region in following mathematical
derivation of the solution.

The heat transfer in the matrix is only by conduction
and hence the energy balance in the matrix in each region
is given by:

oT mj

ot
¼ k

qrCr

o2T mj

ox2
ð15Þ

The heat conduction in the matrix in z-direction is ne-
glected because of small temperature gradient in this direc-
tion as the fluid flow is in the x-direction.

The heat transfer in the fracture is by convection of the
fluid in the fracture and conduction of heat from the
matrix:

MTj
oT
ot
þ qj~ujCpj

oT
oz
� k

b
oT r

ox

����
x¼0

¼ 0

j ¼ liquid water or steam in different zones ð16Þ

In Eq. (16), we defined MTj, the volumetric heat capacity of
rock saturated with fluid j, and it can be calculated as:

MTj ¼ /qjCpj þ ð1� /ÞqrCpr

The initial and boundary conditions are:

T fðx; 0Þ ¼ T mðx; z; 0Þ ¼ T I

T ð0; tÞ ¼ T J

T fðz; tÞ ¼ T mð0; z; tÞ
oT m

ox

����
x¼D

¼ 0
where TI and TJ are the initial reservoir temperature and
the injection temperature, respectively; Tf and Tm are the
temperatures in the fracture and matrix, respectively.
Defining the following dimensionless variables:

T D ¼
T � T I

T J � T I

; X D ¼
x
D

; ZD ¼
z
H

tDj ¼
qinj

V pfrð1þ DTjÞ
t

#j ¼
ar

D2

V pfrð1þ DTjÞ
qinj

wj ¼
k

MTjbD
V pfrð1þ DTjÞ

qinj

Physically, Vpfr is swept pore volume in the fractures esti-
mated from Eq. (2), and the dimensionless time tD is liquid
injection time normalized by the thermal breakthrough
time at the producer. DTj is the thermal retardation factor
for liquid water or steam given by:

DTj ¼
ð1� /fÞqrCpr

/fqjCpj

The thermal retardation factor, DT, reflects the difference
between the fluid moving velocity and thermal front veloc-
ity in porous media. The two velocities are different be-
cause thermal energy travels through both fluid-filled
pores and the rock fabric [3]. It is also different with the
velocity retardation factor mention previously since the lat-
ter factor is caused by liquid vaporization at the boiling
front.

Recasting Eqs. (15) and (16) and the initial and bound-
ary conditions using the dimensionless variables:

oT Dmj

otDj
¼ # o2T Dmj

oX 2
D

ð17Þ

oT Dj

otDj
þ oT Dj

oZD

� w
oT Dmj

oX D

����
X D¼0

¼ 0 ð18Þ

and the initial and boundary conditions are:

T DjðX D; 0Þ ¼ T DrðX D; ZD; 0Þ ¼ 0

T fð0; tDÞ ¼ 1 for tD P 0

T DjðZD; tDjÞ ¼ T DrðZD; 0; tDjÞ
oT Dr

oX D

����
X D¼1

¼ 0

Eqs. (17) and (18) with the boundary and initial conditions
are solved using Laplace transform in Appendix A. The
temperature of the liquid phase region in the fracture in
terms of Laplace variables s is:

g ¼ f ðzDÞ
s

ð19Þ

and in the matrix:
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t¼ f ðzDÞ
s

cosh

ffiffiffiffiffiffi
s
#w

r
X D

� 	
� sinh

ffiffiffiffiffiffi
s
#w

r
X D

� 	
tanh

ffiffiffiffiffiffi
s
#w

r� 	� �
ð20Þ

where

f ðzDÞ ¼ exp � ww

ffiffiffiffiffiffi
s
#w

r
tanh

ffiffiffiffiffiffi
s
#w

r� 	
þ s

� 	
zD

� �
ð21Þ

For the vapor phase, the boundary condition at the
interface is the interface temperature, Ti, which is induced
by the extraction pressure. Defining the dimensionless
interface temperature as -:

- ¼ T i � T I

T J � T I

Following a procedure similar to the one used in the deri-
vation of the liquid flow equation, we get the following La-
place solution for dimensionless temperatures:

uv ¼
-
s

f ðzDÞ ð22Þ

in the fracture, and in the matrix

mv¼
-
s

f ðzDÞ cosh

ffiffiffiffiffi
s
#v

r
X D

� 	
� sinh

ffiffiffiffiffi
s
#v

r
X D

� 	
tanh

ffiffiffiffiffi
s
#v

r� 	� �
ð23Þ

Specially when - ¼ 0 then T i ¼ T I i.e. there is no tempera-
ture drop at the liquid/vapor interface, the dimensionless
temperature in Laplace space is zero and the solution is
trivial.

4.1. Enthalpy production and thermal recovery

For superheated geothermal reservoir, the temperature
history can be temporally divided into several periods. At
first there is a period of steam production followed by
liquid production at boiling temperature, and then the tem-
perature of working fluid decline gradually. With assump-
tions made in previous sections, once the fluid temperature
is known, the enthalpy production rate corresponding to
the two-phase flow can be calculated from following
equation:

_Hp ¼ _mwCpwT w þ _mvH v ð24Þ

HV is vapor phase enthalpy and the cumulative energy pro-
duction is

Hp ¼
Z ts

0

_mvH v dt þ
Z t

ts

_mwCpwT w dt ð25Þ

where ts is the time of vapor production. The sharp inter-
face front moves along the fracture till breakthrough at
the producer at ts.

4.2. Special case – single-phase liquid initial condition

If initially only liquid phase present in the reservoir, the
solution for this special case is identical to Eqs. (19) and
(20). From the Appendix, when D! 0, the dimensionless
temperature in dimensionless time space is:

T fD ¼ dðtD � ZDÞ ð26Þ

where dðtD � ZDÞ is a Dirac’s Delta Function with follow-
ing property:

dðtD � ZDÞ ¼
1 tD P ZD

0 tD < ZD



ð27Þ

In other words, in one-dimensional flow, the temperature
profile is in the form of a sharp front that changes from
the injection temperature to the initial temperature.

When D!1, in dimensionless time space, the dimen-
sionless temperature corresponding to the single-phase sys-
tem is as follows:

T fD ¼ erfc
wZD

2½#ðtD � ZDÞ�1=2

( )
ð28Þ

In this situation, the matrix block is infinite and Eq. (28) is
identical with the solution in Carslaw and Jaeger [7].
4.2.1. Enthalpy production for single-phase liquid

The dimensionless temperature of liquid phase water at
the producer (where z = H so that zD ¼ 1) can be calcu-
lated from Eqs. (19) and (21):

g ¼ 1

s
exp � ww

ffiffiffiffiffiffi
s
#w

r
tanh

ffiffiffiffiffiffi
s
#w

r� 	
þ s

� 	� �
ð29Þ

When the temperature is known, the enthalpy production
rate is as follows.

_HP ¼ _mwCpwT w ð30Þ

and the cumulative energy production is calculated as

Hp ¼
Z t0

0

_mwCpwT w dt ð31Þ

Assuming that the density and thermal capacity of the
work fluid are independent of time, solving Eq. (31) in La-
place space gives:

HpðsÞ ¼
qwCpwð1þ DT1ÞV pfðT J � T IÞ

s2

� exp � w

ffiffiffi
s
#

r
tanh

ffiffiffi
s
#

r� 	
þ s

� 	� �
þ T I

ðT J � T IÞ


 �
ð32Þ
4.2.2. Enthalpy recovery

The energy recovered from the reservoir over a period of
time t0 can be calculated from following equation:

Ep ¼
Z t0

0

_mwCpwðT w � T JÞdt ð33Þ

In terms of the Laplace solution in Eq. (33), the cumulative
heat recovery is:
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EpðsÞ ¼
qwCpwð1þ DT1ÞV pfðT I � T JÞ

s2

� 1� exp � w

ffiffiffi
s
#

r
tanh

ffiffiffi
s
#

r� 	
þ s

� 	� �
 �
ð34Þ

Selecting the injection temperature as the reference temper-
ature for calculating the initial energy in the geothermal
reservoir, the initial amount of heat in the reservoir can
be calculated as:

ER ¼ qrCprLH ½Dþ ð1� /Þb�ðT I � T JÞ ð35Þ
The thermal recovery efficiency of a geothermal reser-

voir is defined as the ratio of the amount of energy
extracted by the fluid to the initial energy content in the
reservoir

RðtÞ ¼ EPðtÞ
ER

ð36Þ

From Eq. (36), the thermal recovery efficiency in Laplace
space is as follows:

RðsÞ ¼ qwCpwð1þ DT1ÞV pf

kLH ½Dþ ð1� /Þb�

� 1

s2
1� exp � w

ffiffiffi
s
#

r
tanh

ffiffiffi
s
#

r� 	
þ s

� 	� �
 �
ð37Þ

In most cases, D� ð1� /Þb and V pf ¼ bHL/, and so Eq.
(37) can be simplified as follows:

RðsÞ ¼ qwCpwð1þ DT1Þb
kD

� 1

s2
1� exp � w

ffiffiffi
s
#

r
tanh

ffiffiffi
s
#

r� 	
þ s

� 	� �
 �
ð38Þ

Since it is difficult to invert analytically from the Laplace
domain to time domain, the Stehfest algorithm [18] has
been implemented. The semi-analytical model thus gives
solution for temperature distribution in the fracture and
the matrix for the two-phase flow condition. Using this
model, the enthalpy production and thermal recovery for
different injection and production scenarios can be calcu-
lated accurately. Sensitivity studies can be performed by
varying reservoir and fracture parameters.

4.3. Extension to fracture network

The results derived for a single fracture have been
extended to a fracture network. In order to derive these
results, a few additional assumptions have been made in
addition to the general assumptions for the single fracture
model. These are:

(1) All fractures are vertical with equal lengths and
widths.

(2) Permeability and porosity are constant for a given
fracture but variable among fractures.
(3) Fluid velocities are proportional only to the ratio of
permeability and porosity of the fractures.

(4) Symmetry elements (D for each fracture) are propor-
tional to the relative fluid velocity in adjacent
fractures.

The enthalpy production from the fracture network is
the summation of enthalpy production individual fractures
making up the network.

Hp ¼
XN

i¼1

H pi ð39Þ

where N is the total number of fractures. To solve the en-
thalpy production rate from each individual fractures using
the single fracture solution, we need to know the symmetry
elements, number of fractures, fluid velocities in each frac-
tures Using tracer data we can estimate these parameters
and the approaches have been discussed in tracer analysis
section. As we discussed in previous section, the required
parameters such as mass flow rate in multiple vertical frac-
tures can be estimated from oF

oU vs. U curve using tracer
data.

The model and semi-analytic solution developed above
is still very useful for fracture characterization and predic-
tion of enthalpy production from real geothermal reservoir
with complicated fracture networks despite the assump-
tions employed in the derivation. In many cases, fractures
in naturally or induced superheated geothermal reservoirs
are vertical, planar features. Fracture permeability usually
varies with fracture aperture and the porosity of the frac-
ture is usually large and close to one. Tortuosity of fracture
length (at least to a limited extent) does not alter the pre-
dicted enthalpy production dramatically. Furthermore,
many assumptions such as constant thermal properties of
rock and vapor can be relaxed under geothermal reservoir
conditions. The analysis of tracer data can give unique
information such as flow/storage capacities of reservoir
which can not be obtained otherwise.
5. Application of the algorithms to synthetic models

To validate the models of enthalpy production and ther-
mal recovery from the single fracture model and the frac-
ture network model, the semi-analytical solution is
compared with numerical simulation results obtained using
TETRAD [19] on some synthetic models. Wu et al. [11,20]
have shown the comparison results on swept pore volume
estimation, thermal breakthrough time, and enthalpy pro-
duction rate for single fracture model with superheated ini-
tial superheated conditions. Applications of algorithm to
geothermal reservoir network as shown in Fig. 4 also have
been done and validated using TETRAD numerical simu-
lations, and same conclusions are drawn as shown below.
Here we only use a synthetic model with two vertical frac-
tures to demonstrate that the algorithm of calculating
enthalpy production from tracer test data is accurate,



Table 1
Summary input data for the conceptual single vertical fracture model

Property Symbol Value

Distance between wells (m) H 200
Length (m) L 100
Fracture spacing (m) 2D 41.06
Half fracture aperture of fracture 1 (m) b1 0.025
Half fracture aperture of fracture 2 (m) b2 0.05
Porosity of fracture 1 (fr) /f1 0.4
Porosity of fracture 2 (fr) /f2 0.4
Permeability of fracture 1 (m2) k1 1 � 10�12

Permeability of fracture 2 (m2) k2 5 � 10�13

Initial reservoir pressure (Pa) P 3.38 � 107

Initial reservoir temperature (�C) TI 240
Initial liquid water saturation Swi 0.0001
Rock density (kg/m3) qr 2650
Rock heat capacity (kJ/kg �C) Cpr 1
Rock thermal conductivity (kJ/m �C s) k 0.002884
Injection rate (kg/s) q 0.133
Producer bottom hole pressure (Pa) Pwf 2.5 � 107

Injection temperature (�C) TJ 35
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and Table 1 summarizes the input data for a simulation
with two vertical fractures as depicted in Fig. 6. Initially
the reservoir is at saturated conditions with an initial tem-
perature of 240 �C. Cold water is injected at the bottom of
D

b1, k1,φ1

Matrix

Producer

Injector

H

b2, k2,φ2

Fractures

Fig. 6. Diagram of an element of fracture network.

Fig. 7. Two-phase flow in a fracture with phase transition.
the reservoir. A generic tracer with K value of 4500 under
reservoir condition is used to represent a highly volatile tra-
cer. The tracer is injected at the very beginning for a period
of 0.5 days, and liquid water is continuously injected till the
end of simulation. Fig. 8 shows the tracer concentration
data in the vapor phase recorded at the producer. The fol-
lowing calculations are made to estimate fracture proper-
ties and enthalpy production.

From the input data and the reference model we calcu-
late the pore volume of the first fracture as 200 m3 and the
pore volume of the fracture 2 as 400 m3. The analysis of
tracer return curve calculated from TETRAD numerical
simulation using Eq. (1) gives the total swept pore volume
of 607 m3, and so the estimation error for total swept pore
volume is about 1.2%.

oF
oU vs. U for this problem is plotted in Fig. 9. From this

figure we obtain an average normalized interstitial veloci-
ties for each fracture as 1.5 for fracture 1 and 0.75 for frac-
ture 2. The fractures are distinguished on the plot by the
near-vertical slope at F ¼ 0:33; thus, one-third of the total
swept pore volume is in fracture 1, and the balance in frac-
ture 2. Using Eq. (6), the ratio of mass flow rates, MR, is
0.5, thus matrix temperature is affected equally by both
fractures (this is, D is the fracture half-spacing).

The calculated mass flow rates are used within the semi-
analytical formulation to calculate the enthalpy production
rate. Fig. 10 compares the energy production rate calcu-
lated from the semi-analytical model and that from numer-
ical simulator at early time. In the early time, a few days
time lag in predicting liquid breakthrough can be observed;
however, given that the high enthalpy production rate
endures several decades as seen in Fig. 11 the effect of this
initial mismatch is minimal. Furthermore, at early times
the enthalpy production rate is relatively low because the
mass production rate of vapor is about 10 times smaller
than that of liquid water, and this leads to a jump in the
enthalpy production rate after 30 days. From Fig. 10 we
can see that both the enthalpy production rate and the
liquid breakthrough time agree with numerical simulation
results. Considering that the semi-analytical solution is
unaffected by numerical dispersion, it can be concluded
that the semi-analytical model gives a very good estimation
of enthalpy production. Differences in the two solutions
can be attributed to the following concerns:

� Numerical dispersion in the numerical model. The
energy balance calculation uses a single point upstream
method, which tends to smear otherwise sharp fronts.
� Non-linear vaporization at the boiling interface. In the

analytical derivation, vaporization is assumed to be a
linear function of the initial reservoir temperature in
the fracture only. This can lead to deviation from
numerical modeling.
� The analytic solution assumes constant thermodynamic

properties of the fluids, which cannot be mimicked in the
model (which uses the correct thermodynamic proper-
ties of water).
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� The liquid/vapor interface was assumed sharp in the
analytic model, but was observed to be slightly more dif-
fuse in the numerical model (1–3 grid blocks in length).
� Thermal conduction perpendicular to flow was

neglected in the analytic solution, but is isotropic in
the numerical model. This is thought to be a weak con-
tributor to the differences noted above.
6. Summary and conclusions

A semi-analytical model for the single fracture model is
developed and extended to geothermal reservoirs with a ver-
tical fracture network. Analysis of tracer data yields frac-
ture properties that are subsequently used in the semi-
analytical model to calculate the enthalpy production and
thermal recovery efficiency. The whole procedure is remark-
ably simple, robust, and easy to apply to geothermal reser-
voirs under the special conditions described in this paper.

1. The pore volume of the fracture can be estimated from
tracer data using the method of moments for a matrix
with either zero or very low permeability.

2. A new solution to the coupled mass and energy flow in a
fracture with heat conduction from the matrix has been
derived. This new solution is more general than the solu-
tion in the literature because it is for a finite matrix
rather than a semi-infinite matrix and because it
accounts for two-phase flow in the fracture.

3. The distribution of mass rate between the fractures mak-
ing up the network can be estimated by using the flow
capacity versus storage capacity curves. These plots
are calculated by computing moments of the tracer
return curve.

4. The semi-analytical solution is remarkably simple and
fast, so sensitivity studies are readily done and impor-
tant parameter groupings can be readily identified. The
calculated enthalpy production, temperature distribu-
tion, and thermal recovery are very close to numerical
simulation results from TETRAD.

5. The single fractured geothermal model is extended to the
fracture network with different fracture properties. The
number of fractures and fractured properties required
for energy production can be estimated from tracer
information. The algorithm works very well even with
high permeability contrast of fractures (20 or higher).
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Appendix. Solution of thermal equations for the fracture and
the matrix

The governing equations in the matrix and the fracture
can be written in dimensionless forms as follows:

oT Dm

otD

¼ # o2T Dm

oX 2
ðA:1Þ

oT D

otD

þ oT D

oZD

� w
oT Dm

oX D

����
X D¼0

¼ 0 ðA:2Þ

and the initial and boundary conditions are:

T DðX D; 0Þ ¼ T DrðX D; ZD; 0Þ ¼ 0 ðA:3Þ
T flð0; tDÞ ¼ 1 for tD P 0 ðA:4Þ
T DðZD; tDÞ ¼ T DrðZD; 0; tDÞ; ðA:5Þ
oT Dr

oX D

����
X D¼1

¼ 0 ðA:6Þ



X. Wu et al. / International Journal of Heat and Mass Transfer 51 (2008) 1453–1466 1465
Applying Laplace transformation method with respect
to tD to Eqs. (A.1) and (A.2), we can get:

o
2t

oX 2
D

� s
#

tþ 1

#
tð0Þ ¼ 0 ðA:7Þ

sg� gð0Þ þ og
oZD

� w
ot

oX D

����
X D¼0

¼ 0 ðA:8Þ

where u and v are temperature of the fracture and matrix in
the Laplace space, respectively. The boundary conditions
of Eqs. (A.4)–(A.6) in Laplace domain are:

gð0Þ ¼ 1

s
ðA:9Þ

gðzDÞ ¼ tðzD; 0Þ ðA:10Þ
ot
oxD

����
X D¼1

¼ 0 ðA:11Þ

Applying initial conditions in Laplace space, mð0Þ ¼ 0 and
uð0Þ ¼ 0, we have following equations:

suþ ou
oZD

� w
ov

oX D

����
X D¼0

¼ 0

o2m

oX 2
D

� s
#

m ¼ 0

ðA:12Þ

Solving the second equation gives:

t ¼ C1 cosh

ffiffiffi
s
#

r
X D

� 	
þ C2 sinh

ffiffiffi
s
#

r
X D

� 	
ðA:13Þ

where C1 and C2 are constants, applying boundary condi-
tions given in Eqs. (A.10) and (A.11), C1 and C2 can be
determined:

C2 ¼ �C1 tanh

ffiffiffi
s
#

r� 	
ðA:14Þ

C1 ¼ g ðA:15Þ

Substituting above into Eq. (A.13) gives:

t ¼ g cosh

ffiffiffi
s
#

r
X D

� 	
� sinh

ffiffiffi
s
#

r
X D

� 	
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s
#
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ðA:16Þ

Now solve the equation for the temperature in the fracture:

ot
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����
X D¼0
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ffiffiffi
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#

r
tanh

ffiffiffi
s
#

r� 	
ðA:17Þ

Substitution of above equation into fracture equation
gives:

sgþ og
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þ wu
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r
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s
#

r� 	
¼ 0 ðA:18Þ

The solution of above equation is:

u ¼ C3 � exp � w

ffiffiffi
s
#

r
tanh

ffiffiffi
s
#

r� 	
þ s

� 	
ZD

� �
ðA:19Þ

Applying boundary conditions gives to above equations,
we have that
C3 ¼
1

s
ðA:20Þ

and the final solution for above equation is:

g ¼ 1

s
exp � w
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s
#

r
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s
#

r� 	
þ s
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ZD
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ðA:21Þ

Substitution of temperature in fracture model to the equa-
tion of temperature in matrix, we have the temperature in
matrix equation as:

t ¼ 1
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exp � w

ffiffiffi
s
#

r
tanh

ffiffiffi
s
#

r� 	
þ s

� 	
ZD

� �
cosh

ffiffiffi
s
#

r
X D

� 	�

� sinh

ffiffiffi
s
#

r
X D

� 	
tanh

ffiffiffi
s
#

r� 	�
ðA:22Þ
Special Case 1: D! 0

When D! 0, we have #!1, and tanh
ffiffi
s
#

p� 
! 0. In

this situation, (A.21) is:

lim
#!1
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s
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Using Inverse Laplace transform, we can get the dimen-
sionless temperature in the fracture as follows.

T fD ¼ dðtD � ZDÞ ðA:24Þ

Physically tD means the thermal front location along the
fracture at any given time, and dðtD � ZDÞ is a Dirac’s Del-
ta Function with following property:

dðtD � ZDÞ ¼
1 tD P ZD

0 tD < ZD



ðA:25Þ

In other words, in one-dimension flow, the temperature is
in a form of sharp wave that changes from the injection
temperature to the initial temperature.

Special Case 2: D!1

When D!1, we have #! 0, and tanh
ffiffi
s
#

p� 
! 1. In

this situation, Eq. (A.21) is:

lim
#!1
ðgÞ ¼ lim

#!1

1
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tanh
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ðA:26Þ

In dimensionless time space, the dimensionless temperature
is as follows:

T fD ¼ erfc
wZD

2½#ðtD � ZDÞ�1=2

( )
ðA:27Þ
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